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(D \ Abstract 



Perturbation theory in the nonperturbative QCD vacuum and the non-Abelian Stokes theorem, 
representing a Wilson loop in the 577(2) gluodynamics as an integral over all the orientations in 
colour space, are applied to a derivation of the correction to the string effective action in the lowest 
order in the coupling constant g. This correction is due to the interaction of perturbative gluons 
with the string world sheet and affects only the coupling constant of the rigidity term, while its 
contribution to the string tension of the Nambu-Goto term vanishes. The obtained correction to 
the rigidity coupling constant multiplicatively depends on the colour "spin" of the representation 
of the Wilson loop under consideration and a certain path integral, which includes the background 
Wilson loop average. 



1. Introduction 

Recently, a new approach to the gluodynamics string was suggested 1 . Within this approach, 
one considers the Wilson loop average written through the non-Abelian Stokes theorem 2,3 and 
the cumulant expansion 3,4 as a statistical weight in the partition function of some effective string 
theory. The action of this string theory may then be obtained via expansion of the averaged 
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Wilson loop in powers of two small parameters, (a, (i^(O)F^(O))) 2 T 2 and (2a) ' , where T„ is 
the correlation length of the vacuum (T g ~ 0, 13 fm in the SU(2) case 5 , which will be studied below, 
and T g ~ 0, 22 fm in the 577(3) case 6 , studied in Ref. 1) and r ~ 1 fm is the size of the Wilson 
loop in the confining regime 7 . This yields the so-called curvature expansion for the gluodynamics 
string effective action. In Ref. 1 only the first nonvanishing terms of this expansion, corresponding 
to the lowest (second) order in the first parameter were accounted for, which corresponds to the 
bilocal approximation 3 ' 8-12 , and then the expansion up to terms of the third order in the second 
parameter was elaborated out. The first two terms of this expansion read as follows 

Suioc. =<tJ d 2 ^ + i- J d 2 ^gg ij (d^) (d^) , (1) 

where 

a = AT 2 J d 2 zD(z 2 ) (2) 
is the string tension of the Nambu-Goto term, and 

^ = \TtJi^(2D^)-D^)) (3) 

is an inverse bare coupling constant of the rigidity term, while the terms of the third order in 
(2f) contain higher derivatives of the induced metric g~ij and/or of the extrinsic curvature tensor 

w.r.t. world sheet coordinates, and we shall not quote them here (see Ref. 1 for the details)!]. 
In Eqs. (2) and (3) D and D\ stand for two renormalization group invariant coefficient functions, 
parametrizing the gauge-invariant bilocal correlator of gluonic field strength tensors 3 ' 8-11 , and 
it is worth noting that since the nonperturbative parts of these functions are related to each 
other as \Di\ — \D according to lattice data 6 , the rigidity term inverse coupling constant (3) is 
negative, which due to Ref. 13 agrees with the mechanism of confinement, based on the dual 
Meissner effect 14 . This result confirms that the method of vacuum correlators, developed in Refs. 
3 and 8-12 (see also Refs. therein), provides us with the consistent description of the confining 
gluodynamics vacuum. The approach suggested in Ref. 1 enables one to express all the coupling 
constants of the terms emerging in the string action in higher orders of the curvature expansion 
through the gauge-invariant correlators of the gluonic field strength tensor only. 

Notice also, that in Ref. 15 the action (1) was applied to the derivation of the correction to 
the Hamiltonian of the QCD string with quarks 16 due to the rigidity term. 

However, it should be emphasized that the curvature expansion describes only the pure non- 
perturbative content of the gluodynamics string theory. As it was argued in Ref. 11, in order to 
get the exponential growth of the multiplicity of states in the spectrum of the open bosonic string, 
one must account for the perturbative gluons interacting with the string world sheet, which can 
be done in the framework of the perturbation theory in the nonperturbative QCD vacuum 9 ' 10 . 

In this Letter, we shall take this interaction into account in the lowest order of perturbation 
theory and obtain the corresponding correction to the action (1). To this end, one needs to 
integrate over perturbative fluctuations in the expression for the Wilson loop average written 
through the non-Abelian Stokes theorem. This procedure, however, looks rather difficult to be 

1 From now on, we shall use for the world sheet indices the letters from the middle of the Latin alphabet, i, j, k, 
in order not to confuse them with the colour indices a, b, c, .... 
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elaborated out in the case when one makes use of the version of the non-Abelian Stokes theorem, 
suggested in Refs. 2 and 3, due to the path-ordering, which remains in the expression for the 
Wilson loop after rewriting it as a surface integral. In order to get rid of it, we find it convenient 
to exploit in the following another version of the non-Abelian Stokes theorem, which was proposed 
in Ref. 17, where the path-ordering was replaced by the integration over an auxiliary field from 
the SU{N c )/[U(l)f c - L coset space. For simplicity, we shall consider the S77(2)-case, when this 
field is a unit three-vector n, which characterizes the instant orientation in the colour space, and 
the non-Abelian Stokes theorem takes a remarkably simple form. Integration over perturbative 
fluctuations then leads to an interaction of the elements of the string world sheet. This finally 
yields a correction to the rigidity term, while the string tension of the Nambu-Goto term is not 
changed keeping its pure nonperturbative value (2). All the points, mentioned above, will be 
worked out in the next Section. 

The main results of the Letter are summarized in the Conclusion. 



2. An Action of the Gluodynamics String including Perturbative 
Gluonic Contributions 

The starting point of the effective string theory, we are going to derive, is the Wilson loop 

average in the SU(2) gluodynamics (W(C)} = (tr P exp ^ig § dx^A^T"^ ^. Rewriting it as a 

surface integral by virtue of the non-Abelian Stokes theorem, suggested in Ref. 17, splitting the 
total field A® into a strong nonperturbative background B® ensuring confinement and perturbative 
fluctuations a®, A® = B^ + a^, with gB^ = 0(1), ga^ = O (g), and making use of the background 
field formalism 9,10,18 , we obtain 



(W(C)) = N J DB; V (B b a ) Da^Dnexp J dx ~ (F^f + ±a«D?D b x c a^ + a a u D; b F f 



fit/ 



+ 



+ 



-g (f; v + 2Dfa b u ) + e abc 



{D.nf {D v nf - 



-gn d (e bde al (D u n) c + e cde a e u (D,n) b ) 



(4) 



Here F° = <9»f?" — d v B a + ge abc B b B^ is the strength tensor of the background field, D ab 



S ab dfj, — ge abc B^ is the corresponding covariant derivative, J = |, 1, |, ... is the colour "spin" of the 
representation of the Wilson loop under consideration, i.e. T a T a = J (J + 1), and the last term 
on the R.H.S. of Eq. (4) may be rewritten as follows 



exp 



J da, u e abc n a n d (e bde al (D u n) c + e cde a e u (D,n) b ) 
tJg j dermal [n a n b (D^nf - (D^nf 



exp 



= exp 



iJg J da^al {D^n) a 
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where in the last line we have used the fact that n 2 = 1, and e bcd n b n c = 0. 

It is worth noting, that the averaging over the fields B p and a p in Eq. (4) has been performed 
separately by making use of the so-called 't Hooft identity 10 valid for an arbitrary functional / 



JDB a n[B b a )fDa a J[B b a + a b a 



[ DA a f(A b )- J " ' J 
J DA »n A *)- f DB a j] (B b 



ft 

which enables one to avoid double counting of fields during the integration. Here an arbitrary 
weight r] {b^\ should be fixed by the requirement that all the cumulants and the string tension 
of the Nambu-Goto term acquire their observed values. 

Let us discuss the approximations, which have been done during the derivation of Eq. (4). 
In what follows, we shall be interested only in the effects of the lowest order of perturbation 
theory, so that on the R.H.S. of Eq. (4) we have omitted the ghost term, the terms describing 
the interaction of two perturbative gluons with the string world sheet, containing one or three 
n-fields, and the terms which describe the self-interaction of three and four perturbative gluons. 
Secondly, for simplicity we neglect the interaction of two perturbative gluons with the background 
field strength tensor (gluon spin interaction)^. 

Integration over the perturbative fluctuations in Eq. (4) is then Gaussian and yields 



(W(C)} =Nj DB« V (B b a ) Dnexp ~ J dx (F* u f + ^ J da, v e abc n a (D,n) b (D u n) 



■ exp 



iJg 



■ exp 



_i J dxdy -tJgT^(x)D b ;n a (x) + D b ; (tJgT^(x)n a (x) + F£ 



X 



ds / (Dz) xy e 



P exp f ig J d\z a B 



UgT pu (y)Dfn d (y) + Df (zJgT pu (y)n d (y) + F d pv (y) 



(5) 



where T fiu (x) = J d 2 ^e 13 ' (diX^)) (djX u (£)) 5 (x — x(£)) is the vorticity tensor current. In the 
bilocal approximation, we get up to an unimportant additive constant the following correction to 
the string effective action (1) 



AS 



dxdy((d fl T flu (x))n b (x) / ds / (Dz) xy e ° 



J^dX 



P exp {^ig J d\z a B a 



be 



(d p T pu (y))n c (y) 



fi,B» 



(6) 



2 Within the Feynman-Schwinger proper time representation for the perturbative gluon propagator (see Eq. (5) 
below), such a term leads to insertions of the colour magnetic moment into the contour of integration. 
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where 



(...)- = Jm (...)exp J da, u e abc n a (D,n) b (A,n) c ) , 

(...)*. = / ^ (...) 17 (^) exp (-1 J dx (F;,) 2 ) , 

and in the derivation of Eq. (6) we have neglected the interaction of the string world sheet with 
the background sources of the type D^F^u), where u is an arbitrary space-time point outside 
the world sheet, which should be finally integrated over. 

Integrating in Eq. (6) by parts, we arrive at the following formula 

72 2 

AS = 1- J d 2 i J ^'e ij e kl (d iXll ) (d jXv ) (d k x' p ) (d lX ' u ) ■ 



d 2 



dx^dx' p 



n 



(x)n c (x'))JdsJ(Dz) xx ,e <> 



J^dX 



P exp ig / d\z a B a 



be. 



(7) 



where x p = x p (f), and x p = x^ (f ). 

-J^dX / s 

Since e P exp it? / d\z a B c 



is the statistical weight of a perturbative gluon, propagat- 



ing from the point x' to the point x along the trajectory z a during the proper time s, it is the 
region where s is small, which mainly contributes to the path integral on the R.H.S. of Eq. (7). 
This means that the dominant contribution to AS comes from those x p s and x' J s, which are very 
close to each other, which is in the line with the curvature expansion, where \x' — x\ < T g <C r. 
Within this approximation, one gets 



n [x)n [x 



\bc 



J Dn exp 



U 

y 



da^e def n d (D^n 



{D v n 



It is worth noting, that the integral on the R.H.S. of Eq. (8) is a functional of the world 
sheet as a whole (it is independent of x M (£)), and therefore may be absorbed into the integration 
measure. 

Hence, as it was announced in the Introduction, we see that expression (7) for the correction 
to the string effective action (1) due to the perturbative gluons takes the form of the interaction 
of two elements of the world sheet, da pu (^) and da pv (£'), via the nonperturbative gluonic string, 
which emerges from the perturbative gluonic exchanges between these world sheet elements. 

For performing the derivatives of the 5^-average in Eq. (7), let us extract explicitly the 
dependence on the points x and x' from the functional integral. To this end, it is convenient to 
pass to the integration over the trajectories u^(X) = z p (\) + ^ (x' — x) — x' p , which yields 



J 2 g 2 



AS 



d 2 i / d 2 ^e kl (d jXv ) (d k x' p ) (cK) 



d 2 



dx p dx' p „ 



dse 



(x-V) 



/n2 



/ (^Hxr 



r ■ 2 

!\dX 



tr P exp 



ig 



dX 



+ uj B a L + x' + ^(x- x) 



(9) 
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In the following, we shall be interested only in the contributions emerging from Eq. (9) to the 
Nambu-Goto and rigidity terms. As it turns out, there exist two origins of such contributions. The 

(x-x'f 

first of them arises from taking the derivatives of the factor e ~* and replacing the Wilson loop 

average by ItrP exp ( ig J d\u a B a (u) ] ) . The second one is due to acting with the derivatives 
\ V o //b« 

ft 

upon the Wilson loop average and leads to the correlator of the ^"-fields. For the case of a 
fastly converging cumulant expansion when (a s (F"(0)F" (0))) 2 T 2 <C (^) , one can neglect 



/IV 

the second contribution w.r.t. the first one. Thus we obtain 



J 2 a 2 
AS= J 9 



12 



d 2 i J d 2 ^e kl (d t x,)(d,x u )(d k x' p )(d l x' u y 



ds f(x- x') (x - x') \ (*-*') 



>\2 







s V 2s 



P -^p)e-^$( S ), (10) 



where 



$(s) = J (Du) 00 e ^ 4 ltrP exp ( ig J d\u a B a (u) ) \ . (11) 



Finally, in order to get the desirable correction to the action (1), we shall Taylor expand the 
R.H.S. of Eq. (10) in powers of ^ (according to the discussion in the paragraph before Eq. (8)), 
keeping in this expansion terms not higher in the derivatives w.r.t. world sheet coordinates than 
in the rigidity term, which corresponds to the expansion up to the second order in the parameter 
p. To this end, we shall make use of the Gauss- Weingarten formulae 

DiDjXp = - Y^dux, = KlNl, N 1 ^ = 6 n ' , N^x, = 0, /, /' = 1, 2, 

where is a Christoffel symbol, K\- is the second fundamental form of the string world sheet, and 
A^'s are the unit normals to the sheet. Omitting the full derivative terms of the form J d 2 ^^/gR, 
where R is a scalar curvature of the world sheet, we get analogously to Ref. 1 the following values 
of the integrals standing on the R.H.S. of Eq. (10) 

J d 2 i J d 2 i'e^e kl (d t x,) (d jXv ) (d k x' p ) (cK) (x - x')^ (x - x') p j -£ e -^$( s ) = 



oo 

= 4vr J ds<$>(s) [A J d 2 i^g - 3s J d 2 i^W J (di V) (dj V)) (12) 
o 

and 

OO 2 

J d 2 i j d 2 i'e^e kl (d tXfl ) (d jXv ) (d k x'J (d lX ' u ) J ^ e -^$( s ) = 

o 
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= 2tt f ds<5>(s) (^4 J d 2 ifg - s J d 2 ifgg ij (3 V) V)) ■ (13) 


Combining Eqs. (12) and (13) together, we arrive at the following correction to the effective action 
(1) due to the accounting for the perturbative gluons in the lowest order of perturbation theory 

AS = (A-?-) J d 2 ifgg 13 (^V) (dfa) > ( 14 ) 

where 

00 

(a-) = -^V/^)- (15) 
a ° 

Notice, that as it was already pointed out in the Introduction, perturbative gluons do not change 
the value of the string tension (2) of the Nambu-Goto term and affect only the coupling constant 
of the rigidity term. The nontrivial content of correction (15) to the nonperturbative rigidity 
coupling constant (3) emerges due to the path integral defined by Eq. (11), which includes the 
background Wilson loop average. Since this correction is a pure perturbative effect, its sign, which 
depends on the background entering Eq. (11), is unimportant for the explanation of confinement 
in terms of the dual Meissner effect (see discussion in the Introduction). 

3. Conclusion 

In this Letter, we have applied perturbation theory in the nonperturbative QCD vacuum 9 ' 10 
and the non-Abelian Stokes theorem, which represents a Wilson loop in the SU (2) gluodynamics 
as an integral over all the orientations in colour space 17 to the derivation of the correction to the 
string effective action (1), found in Ref. 1. The resulting perturbative gluonic correction is given 
by formulae (11), (14) and (15) and affects only the rigidity term, while the string tension of the 
Nambu-Goto term keeps its pure nonperturbative value (2). The perturbative contribution to the 
inverse coupling constant of the rigidity term contains the dependence on the background fields 
in the form of the background Wilson loop average standing under a certain path integral (11). 

We have also demonstrated that perturbative fluctuations, when being taken into account, 
lead to the interaction defined by the R.H.S. of Eq. (7) between elements of the string world 
sheet by virtue of nonperturbative gluonic strings, which agrees with the qualitative scenario of 
the excitation of the gluodynamics string by the perturbative gluons, suggested in Refs. 1 and 11. 

However, it still remains unclear whether perturbative gluons may yield a cancellation of the 
conformal anomaly in D = 4 rather than in D = 26, as it takes place for the ordinary bosonic 
string theory 19,20 , and the solution of the problem of crumpling for the rigidity term 20,21 . There 
also exist some other obstacles with the rigidity term, such as the absence of the lowest-energy 
state in this theory and the wrong high-temperature behaviour of the free energy per unit length 
of the string. These difficulties are absent in the recently proposed nonlocal theory of a string 
with the negative stiffness 22 . At the moment, we do not know how this theory could be obtained 
in the framework of our approach. The problems mentioned above will be the topics of the next 
publications. 
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